The classification problem for principal fibre bundles over two-dimensional CWcomplexes is considered. Using the Postnikov factorization for the base space of a universal bundle a Puppe sequence that gives an implicit solution for the classification problem is constructed. In cases, when the structure group G is path-connected or π 1 (G) = 0, the classification can be given in terms of cohomology groups.
Introduction
In the present contribution we consider the classification problem for principal fibre bundles. We give a solution for the case when M is a two-dimensional path-connected CWcomplex.
A motivation for this study came from calculations in two-dimensional quantum YangMills theories in Refs. [AK1] , [AK2] . Consider a pure Yang-Mills (or pure gauge) theory on a space-time manifold M with gauge group G which is usually assumed to be a compact semisimple Lie group. The vacuum expectation value of, say, traced holonomy T γ (A) for a closed path γ in M is given by the following formal functional integral:
where A is a local 1-form on M, describing the gauge potential, and S(A) is the YangMills action. The form A is obtained from the connection 1-form w in a principal fibre bundle. Its base space is the space-time M and its structure group is the gauge group G. We denote such bundles by ξ = (E, M, G, p), where E is called the total space and p : E → M is known as the projection map (see the definitions in Sect. 2). For a local cross-section s of ξ the 1-form A is obtained from w as the pull-back A = s * w (see, for example, [NS] , [DFN] , [D] ). Integration in Eq. (2) is performed over the space A of connections in ξ = (E, M, G, p). In quantum field theory often some heuristic measure of integration is assumed, but in the two-dimensional case the functional integral can be defined rigourously (see [AL] ). In general, the space A is not connected but may consist of a number of components A (α) labelled by elements α of some index set B. Then the functional integral in (2) is given by a sum over the elements of B,
each term being the functional integral over connections in A (α) . The set B of the components of A is in 1-1 correspondence with the set B G (M) of non-equivalent principal G-bundles over the manifold M.
This feature has an analog in quantum mechanics. There functional integrals are calculated over the space of paths which connect two given points, say x 0 and x 1 , in a space-time manifold M. Consider the case when x 0 = x 1 . Then the space of integration is the space of loops based at x 0 ∈ M. We denote it by ΩM. If the space-time M is multiply connected, then the space of loops splits into components labelled by elements α ∈ B = π 0 (ΩM, * ) ∼ = π 1 (M, x 0 ), and the functional integral is given by a sum of integrals over these components.
Similar to the case of quantum mechanics, in gauge theory it is useful to have a characterization of the space B G (M) in terms of some objects that can be calculated relatively easy, e.g., in terms of homotopy or cohomology groups. This is essentially the classification problem. Usually two aspects of this problem are considered: 1) Characterize the set B G (M) of equivalence classes of principal fibre bundles with a given structure group G over a given space M in terms of some algebraic objects that are easy to calculate and that allow to "enumerate" the bundles;
2) Given two non-equivalent bundles ξ 1 and ξ 2 , find a set of characteristics that allows to distinguish them.
In the present article we consider the first aspect of the problem. We would like to mention that a powerful concept, giving a partial solution of the second aspect of the classification problem, is the concept of characteristic classes [MS] .
With the motivation, coming from gauge theory, in the present article we address, in fact, a more general case, namely the classification of principal fibre bundles with structure group that is an arbitrary topological group and with base space that is a two-dimensional path-connected CW-complex. All necessary tools have been already developed in the literature. A method, which in many cases gives a solution of the classification problem and which we closely follow here, is discussed in the lectures by Avis and Isham [AI] . Various particular cases were considered in previous works. For example, a classification of principal fibre bundles with G = U(1) over manifolds was studied in Refs. [K] , [AB] . In Ref. [Wi] a classification of principal fibre bundles over two-dimensional manifolds in the case when G is a connected Lie group was obtained. There the classification was given in terms of elements of the group Γ, specifying the global structure of G through the relation G =G/Γ, whereG is the universal covering group of G. However, we did not find in the literature a solution of the classification problem for G-bundles with more general base spaces M and more general structure groups. In the present contribution we give a solution of this problem in terms of cohomology groups of M in the case when M is a two-dimensional CW-complex. Taking into account the character of the meeting, we tried to make our discussion rather pedagogical. To this end we gather together necessary definitions and explain in some detail main results and theorems from standard books on algebraic topology that are relevant for the classification problem and that we use in our derivation.
The plan of the article is the following. In Sect. 2 we describe the setting of the problem and recall main definitions. In Sect. 3 the Eilenberg-Maclane spaces and the Postnikov decomposition are discussed. In Sect. 4 we construct a short exact sequence which includes the set of equivalence classes of principal fibre bundles as an element. This is the main result of the article. Particular cases, when this set is characterized in terms of a cohomology group, are also discussed. In the Appendix we list some basic definitions and examples of categories and functors and give a formulation of Brown's representation theorem.
Setting of the problem and main definitions
We begin with some definitions [Sp] , [Sw] . Here we work in the category PT of pointed topological spaces and base-point-preserving continuous maps (see the Appendix). Let (E, e 0 ) and (X, x 0 ) be pointed topological spaces. In order to simplify notations we omit the base points in some formulas if this does not cause confusion. Definition 2.2 (see [Sp] , [Sw] , [B] , [Wh] 
, where x 0 is the base point of X, is called the fibre of the fibration p. In general p −1 (x) for x = x 0 need not be homeomorphic to F , but they all are of the same homotopy type.
Let I = [0, 1] be the closed unit interval.
Definition 2.3
The space of all continuous maps w : I → X with w(0) = x 0 , topologized by the compact-open topology, is called the space of paths in (X, x 0 ) starting at x 0 and is denoted by (P X, w 0 ).
The base point of (P X, w 0 ) is the constant map given by w 0 (t) = x 0 for all t ∈ I. The base point ω 0 is the trivial loop w 0 (t) = x 0 for all t ∈ I. If f is a map from X to Y , then it induces the map Ωf : ΩX → ΩY , defined in a natural way as (Ωf )(w) = f • w for w ∈ ΩX. Higher loopings are defined by induction:
An important example of a fibration is the path-loop fibration of a pointed topological space (X, x 0 ). The fibration mapp : (P X, w 0 ) → (X, x 0 ) is defined byp(w) = w(1) for a path w in X.
Proposition 2.5 [Sp] , [Sw] The mapp : P X → X is a fibration with fibre ΩX. Definition 2.6 A fibre bundle, denoted by ξ = (E, B, F, p), is a collection consisting of a total space (E, e 0 ), a base space (B, b 
A particular fibre over b ∈ B is p −1 (b), and p −1 (b) is homeomorphic to F for all b ∈ B. We also have the inclusion map i : (F, e 0 ) ֒→ (E, e 0 ). Now we define the notion of a principal fibre bundle. Let G be a topological group. For a principal fibre bundle with structure group G the term "principal G-bundle" is often used. Note that under the action of G points of E move along the same fibre. Relations between fibre bundles and fibrations are given by the following propositions. 
The pointed set of all equivalence classes of principal G-bundles over M is denoted by B G (M). The base point of this set is the equivalence class of the trivial G-bundle ξ 0 = (M × G, M, G, pr 1 ) with the obvious right action of G on M × G. Here pr 1 : M × G → M is the projection onto the first factor, i.e., pr 1 (x, g) = x for x ∈ M and g ∈ G.
Now we recall the definition of an induced fibre bundle. Consider a fibre bundle ξ = (E, B, F, p) and a map f : M → B from some space M.
Definition 2.11
The fibre bundle induced from ξ by the map f , which is denoted by f * ξ, is the fibre bundle with base M, fibre F , total space E ′ , given by
and bundle projection p
In other words, the induced bundle f * ξ is constructed by glueing copies of the fibre
From the definition of the induced bundle it follows that
i.e., the following diagram is commutative:
The following theorem is important for the classification of principal fibre bundles (see [Sw] ).
Theorem 2.12 Let ξ = (E, B, G, p) be a principal G-bundle with base space being a CWcomplex. Let M be a CW-complex, and let f 1 , f 2 be two maps from M into B that are homotopic,
It turns out that for any topological group G there exists a space BG, called its classifying space, and a principal G-bundle ξ G = (EG, BG, G, p G ), called the universal G-bundle, such that every principal G-bundle ξ = (E, M, G, p) is induced from ξ G by some map f : M → BG [St] . Two homotopic maps M → BG induce equivalent bundles. The formal definition is the following. (or ∞-universal) provided it is n-universal for any n ≥ 1; in this case the base space B is called a classifying space of G.
The universal bundle and the classifying space are unique up to homotopy equivalence.
The result quoted above can be derived in an elegant way if one considers B G (M) as a result of the action of a cofunctor B G and uses Brown's representation theorem (see Theorem A.9 in the Appendix). We would like to discuss this issue in more detail.
From now on we will be considering fibre bundles whose base spaces are path-connected pointed CW-complexes, but we do not restrict their dimension for the time being. Let G be a topological group. Following Ref. [Sw] let us introduce a cofunctor B G : PW ′ → PS as follows (we recall that main definitions, some examples and the notation of categories and functors are listed in the Appendix; see in particular examples E.4 and E.8). For a pointed CW-complex (X, x 0 ) its image B G (X) is, as before, the pointed set of all equivalence classes of principal G-bundles over X. For a map f : (X, x 0 ) → (Y, y 0 ), where (X, x 0 ) and (Y, y 0 ) are objects in PW ′ , the morphism
The important property of the cofunctor B G is given by the following theorem.
Theorem 2.14 [Sw] The cofunctor B G : PW ′ → PS satisfies the wedge axiom and the Mayer-Vietoris axiom.
These axioms are given in the Appendix (axioms W) and MV)). The property of B G , described by Theorem 2.14, allows us to apply Brown's representation theorem (Theorem A.9 in the Appendix) and, as a consequence, obtain the result, we are interested in. Namely, Brown's theorem implies that for any G there exists a CW-complex (BG,b 0 ) and a principal G-bundle ξ G = (EG, BG, G, p G ) such that for any pointed CW-complex (M, x 0 ) there is an equivalence
The correspondence is realized by the natural transformation T ξ G , constructed according to Example E.12 in the Appendix. In the case under consideration for any map f :
Brown's theorem states that T ξ G is in fact a natural equivalence. In other words, homotopy classes of maps f : M → BG are in one-to-one correspondence with classes of equivalent bundles over M, so that a class [f ] corresponds to the class containing the induced bundle f * ξ G . The space (BG,b 0 ) in (7) is the classifying space for the cofunctor B G , while the bundle ξ G plays the role of the universal element of this cofunctor (see Definition A.8). The classifying space BG and the universal element ξ G are unique up to homotopy equivalence. According to Definition 2.13 the G-bundle ξ G is the universal bundle. All G-bundles over M can be obtained from it as induced bundles for various f : M → BG.
An important property of the universal bundle is given by the following theorem.
Theorem 2.15 [St] A principal G-bundle ξ = (E, B, G, p) is n-universal if and only if it is path-connected and
π q (E) = 0 for 1 ≤ q ≤ n. A principal G-bundle ξ = (E, B,
G, p) is universal if and only if it is path-connected and
Another property of ξ G can be obtained by considering the long homotopy sequence of a bundle. We recall that for a fibre bundle ξ = (E, B, F, p) the following exact sequence exists:
where the maps p * and i * are induced by the bundle projection p and the inclusion map i : (F, e 0 ) ֒→ (E, e 0 ) respectively and ∆ is constructed out of the boundary homomorphism in a standard way [Sp] , [Sw] , [St] . Let us consider long homotopy sequence (8) of the universal bundle ξ G . Since all homotopy groups of its total space EG are trivial, the long homotopy sequence breaks into short exact sequences. The latter imply that
for q ≥ 1 [St] . We would like to note that the long homotopy sequence also exists for fibrations.
As an immediate application of relation (9) we obtain the classification of principal G-bundles over the sphere S n in terms of the (n − 1)th homotopy group of G:
3 Eilenberg-MacLane spaces and Postnikov decomposition A general explicit construction of the universal G-bundle ξ G for any topological group G is due to Milnor (see, for example, [H] ). For the classical groups G = SO(k), O(k), SU(k), U(k) and Sp(k) there exist more convenient constructions of the universal bundles with total spaces being Stiefel manifolds and classifying spaces being Grassmann manifolds [DFN] , [H] . However, in general it is not easy to describe the set of maps [M; BG] . It turns out that in the case, when M is of finite dimension, BG can be substituted by some other space, which may be simpler to construct and to characterize. In order to discuss this it is necessary to first introduce the notion of n-equivalence.
if it induces a one-to-one correspondence between the path components of X and Y and for all x 0 ∈ X the induced map
is an isomorphism for 0 < q < n and an epimorphism for q = n. A map f : (X, x 0 ) → (Y, y 0 ) is called an ∞-equivalence or weak homotopy equivalence if it is an n-equivalence for all n ≥ 1.
For CW-complexes a map is a homotopy equivalence if and only if it is a weak homotopy equivalence (see [Sw] ). The importance of the notion of n-equivalence is seen from the following theorem.
Theorem 3.2 [Sw] Let (Y, y 0 ) and (Z, z 0 ) be pointed topological spaces and let f :
Applying this result to the classification of principal G-bundles over a pointed CWcomplex (M, x 0 ) with dim M ≤ n we conclude that if there exists a CW-complex BG n and a map f : BG → BG n which is an (n + 1)-equivalence, then
i.e., all such bundles are in 1-1 correspondence with homotopy classes of maps M → BG n . For the construction of BG n Eilenberg-MacLane spaces play an important role.
Definition 3.3 A space X, satisfying the properties:
where π is a group and n is a positive integer, is called an Eilenberg-MacLane space and is denoted by K(π, n).
For n ≥ 2 the group π in this definition must be abelian. It can be shown that for any integer n ≥ 1 and for any group π (abelian if n ≥ 2) the space K(π, n) can always be constructed as a CW-complex and is unique up to weak homotopy equivalence [Sp] , [Sw] , [Wh] . Here follow some examples of Eilenberg-MacLane spaces.
where CP ∞ is defined as the direct limit CP ∞ = lim → CP n , i.e. the CW-complex which is the union of the sequence CP 1 ⊂ CP 2 ⊂ . . . of complex projective spaces, topologized by the topology coherent with the collection
, the ∞-dimensional lens space. In particular,
In general, Eilenberg-MacLane spaces are infinite dimensional, case 1 above is an exception. Let us discuss some properties of Eilenberg-MacLane spaces which are needed for the sequel. We first recall the notion of suspension.
Definition 3.4 A (reduced) suspension (SX, z 0 ) of a pointed topological space (X, x 0 ) is defined as the quotient space of X × I, where points of
are indentified to a single point.
The base point z 0 is the image of (x 0 , 0) ∈ X × I under the quotient map X × I → SX. It can be shown that if X = S n , the n-dimensional sphere, then S(S n ) is homeomorphic to S n+1 for all n ≥ 0. It turns out that for any two pointed topological spaces (X, x 0 ), (Y, y 0 ) the sets [Y, y 0 ; ΩX, w 0 ] and [SX, z 0 ; Y, y 0 ] possess group structures. This property follows from the fact that the loop space (ΩX, ω 0 ) is an H-group and the the suspension (SX, z 0 ) is an H-cogroup. In brief an H-group is a pointed topological space with a binary operation, called a multiplication, which satisfies the group axioms up to homotopy. If a multiplication is homotopy commutative, then the H-group is said to be an abelian H-group. An H-cogroup is a pointed topological space with a co-multiplication that is homotopy associative, with a homotopy inverse, and with a homotopy identity map. An H-cogroup is called abelian if the co-multiplication is homotopy commutative. For rigorous definitions of H-groups and H-cogroups we refer the reader to the literature (see, for example, [Sp] , [Sw] ). The group structure on [Y, y 0 ; ΩX, w 0 ] (resp. [SX, z 0 ; Y, y 0 ]) is induced by the H-group structure of (ΩX, w 0 ) (resp. H-cogroup structure of (SX, z 0 )).
The following two propositions are relevant for us (see [Sp] , [Sw] ). Let (X, x 0 ) and (Y, y 0 ) be pointed topological spaces.
Proposition 3.5 There is an isomorphism of groups
This isomorphism is called an adjoint correspondence. Let us remark that Ω can be viewed as a functor from the category PT of pointed topological spaces to the category of H-groups and continuous homomorphisms, whereas S can be considered as a functor from PT to the category of H-cogroups and continuous homomorphisms. The existence of the isomorphism A means that the functors S and Ω are adjoint. Using this it can be shown that for n ≥ 2 the space Ω n Y is an abelian H-group and S n X is an abelian H-cogroup. An immediate implication of Proposition 3.6 is that
Applying this result to the Eilenberg-MacLane space K(π, n) (n ≥ 1) we see that
It can be proved that these relations imply the existence of a weak homotopy equivalence between K(π, n − 1) and ΩK(π, n) (see [Sw] ). Therefore
Hence, the set [M; K(π, n)] carries a natural group structure. Moreover, since K(π, n) ≃ Ω 2 K(π, n + 2), according to Proposition 3.6 this group is abelian. It can be specified further. Consider the nth cohomology cofunctor H n with coefficients in π (see Example E.11 in the Appendix). It turns out that when restricted to the category PW ′ its classifying space (see Definition A.8) is Y = K(π, n) [Sp] . This means that there is a natural equivalence between the cofunctors π Y and H n , i.e., for any (M,
The next important element, which we need for the classification of principal fibre bundles, is the Postnikov decomposition (called also the Postnikov factorization). First let us recall the notion of a simple space.
Definition 3.7 A pointed topological space (X, x 0 ) is called simple if π 1 (X, x 0 ) acts trivially on homotopy groups π n (X, x 0 ) for all x 0 ∈ X and all n ≥ 1.
Since π 1 (X, x 0 ) acts on itself by conjugation, then for a path-connected X simplicity implies that π 1 (X, x 0 ) is abelian.
In order to formulate the theorem on the Postnikov decomposition we first define some class of fibrations and the notion of a Postnikov system. ′ is an Eilenberg-MacLane space K(π, n), where n ≥ 1 and π is abelian, then p θ is called a principal fibration of type (π, n).
We recall that the path-loop fibration was defined in Sect. 2). The fibre of p θ is ΩB ′ .
Definition 3.9 Let (X, x 0 ) and (Y, y 0 ) be pointed topological spaces, and let f : (X, x 0 ) → (Y, y 0 ) be a map. A Moore-Postnikov decomposition of f is a sequence
of spaces Y n and maps f n : X → Y n with the following properties:
1. for n = 0 the space Y 0 = Y and f 0 = f ; 2. for n ≥ 1 the map p n : Y n+1 → Y n is a principal fibration of type (π n (X, x 0 ), n + 1),
4. for n ≥ 1 the map f n is an n-equivalence;
Definition 3.10 Let (X, x 0 ) be a pointed topological space. A Postnikov system (or Postnikov decomposition) of X is the Moore-Postnikov decomposition of the map f : X → Y , where Y is the set of path-components of X with the factor topology and f is the natural projection.
Thus, if X is path-connected, then Y = {y 0 } is the one-point space and f is the constant map f : X → y 0 .
Theorem 3.11 (see [Sp] , [B] , [Wh] , [MT] ) If X is a simple pointed path-connected topological space, then there exists a Postnikov system of X.
Let π n denote the nth homotopy group π n (X, x 0 ) of X. For every n ≥ 1 the fibration p n : Y n+1 → Y n is induced by a map θ n : Y n → K(π n , n + 1) from the path-loop fibration P K(π n , n + 1) → K(π n , n + 1). Its fibre is ΩK(π n , n + 1) ≃ K(π n , n), see Eq.
(13). Due to relation (14) the map θ n corresponds to a characteristic class k n+1 (X) ∈ H n+1 (Y n , π n ) called the Postnikov invariant. It is obtained by the transgression of the so called fundamental class of some auxilliary fibration, which appears in this construction. We refer the reader to Refs. [Sp] , [MT] for details.
It can be shown that the spaces Y n of the Postnikov system are unique up to homotopy equivalence [MT] , [Wh] . A method to construct the Postnikov system of a given simple pointed path-connected CW-complex X is described in Ref. [Wh] . It appears also that a space can be reconstructed from its Postnikov system [Wh] . Namely, suppose we are given a sequence P = {π n , Y n−1 , p n−1 |n ≥ 1}, also called a Postnikov system (or fibred Postnikov system in [Wh] ), with the properties: 1) π n is an abelian group; 2) Y 0 is contractible; 3) p n : Y n+1 → Y n is a fibration with fibre F n being an Eilenberg-MacLane space K(π n , n); 4) the injection π n (F n ) → π n (Y n+1 ) is an isomorphism. Then the inverse limit Y = lim ← Y n is well-behaved. In general Y does not have the homotopy type of a CW-complex. Nevertheless, there exists a CW-approximation X P of Y whose Postnikov system is P. In other words, if P is the Postnikov system of a space X, then X and X P are of the same homotopy type.
The Postnikov decomposition will be used for the classification of principal G-bundles in the next section. There X will play the role of BG and the spaces Y n will be BG n−1 .
Classification of G-bundles over 2-dimensional CW -complexes
In this section we assume that (M, x 0 ) is a pointed path-connected CW-complex of dimension dim M = 2. We apply Theorem 3.11 to the space BG, the base space of the universal G-bundle. Since dim M = 2, for the classification of principal G-bundles over M it suffices to find a 3-equivalence BG → BG 2 .
As it was explained above, the total space EG of the universal G-bundle is ∞-connected, hence the base BG is path-connected. For the conditions of the Postnikov factorization theorem to hold we assume that (BG,b 0 ) is simple. This implies, in particular, that π 1 (BG) is abelian. Let us discuss briefly this point. Recall that for a topological group G we have π 0 (G, g 0 ) = G/G 0 , where G 0 is the path-connected component of the group unity, and π 0 (G, g 0 ) acts on higher homotopy groups of G 0 [St] . According to relation (9) we have
Then the condition of simplicity of BG implies that π 0 (G, g 0 ) is abelian. One example, when this condition is trivially fulfilled, is G being a path-connected group. In this case π 1 (BG,b 0 ) ∼ = π 0 (G, g 0 ) = 0 and BG is simple. Another example is when G is discrete and abelian. In this case π 0 (G, g 0 ) ∼ = (G, g 0 ) and π q (G, g 0 ) = 0 for all q ≥ 1. In order to guarantee that BG is simple we assume that G is such that π 0 (G, g 0 ) is abelian and π 1 (BG,b 0 ) ∼ = π 0 (G, g 0 ) acts trivially on π n (G, g 0 ) for n ≥ 1. In addition we assume that π 0 (G, g 0 ) is discrete. The latter condition will be used in the derivation of a short exact sequence which includes
In what follows, π n denotes the nth homotopy group π n (BG,b 0 ) of BG. The first non-trivial level of the Postnikov diagram for BG starts with Y 2 :
Recall that here Y 0 = {y 0 }.
Auxiliary path-loop fibrations arẽ
. The principal fibrations p 1 and p 2 are induced from them by θ * 1 and θ * 2 respectively. Of course, Y 2 = {y 0 } × ΩK(π 1 , 2) ≃ K(π 1 , 1). The 3-equivalence, we are looking for, is f 3 : BG → Y 3 , so that Y 3 plays the role of BG 2 . Its existence is guaranteed by the Postnikov decomposition Theorem 3.11. f 3 is related to the Postnikov invariant k 3 (BG) ∈ H 3 (Y 2 ; π 2 ), which corresponds to the map θ 2 :
3). Therefore, the non-trivial fibration, which is important for us, is p 2 : Y 3 = BG 2 → Y 2 ≃ K(π 1 , 1) with fiber K(π 2 , 2).
As the next step we build an exact sequence associated with this bundle. This is a well known construction [Sp] , [Sw] , [Wh] (see also [AI] ) which we remind here. Let p : (E, e 0 ) → (B, b 0 ) be a fibration with fiber F , and let i : (F, e 0 ) ֒→ (E, e 0 ) be the inclusion of the fibre. Firstly, we definē
where (P B, w 0 ) is the space of paths in (B, b 0 ) . Secondly, we define a path lifting function λ :Ē → P E for p (in Ref. [Wh] this map is called a connection) by the following conditions:
(λ(e, w)) (0) = e and p (λ(e, w)) = w.
Thus, λ(e, w) is a path in E which starts at e ∈ E and covers the path w in B. If w is a closed path in B, then (λ(e, w)) (1) is in the same fiber as e. In a certain sense a lifting function is a generalization of the notion of a connection in differential geometry.
Proposition 4.1 [Sp] , [Sw] , [Wh] 
A map p : E → B is a fibration if and only if there is a path lifting function for p.
Let us define a map ρ : ΩB → F by the following formula:
The map ρ allows us to define a left exact sequence, characterized by Theorem 4.3, for the fibration p.
of pointed topological spaces is called left exact if for any pointed topological space (X, x 0 ) the sequence
is exact in the category of pointed sets.
Theorem 4.3 [Sw] , [Wh] If p : (E, e 0 ) → (B, b 0 ) is a fibration with fibre (F, e 0 ), and ρ : ΩB → F is the map defined by Eq. (17), then the sequence
is left exact.
Sequence (18) is called the Puppe sequence of the fibration p : E → B [MT] , [P] . Now let us consider the Puppe sequence of the principal fibration p 2 : Y 3 → Y 2 with fiber F ≃ K(π 2 , 2) and apply [M, x 0 ; −] to it. As it follows from Theorem 4.3, the sequence of pointed sets
is exact. Sequences of this type sometimes are also called Puppe sequences.
We extend this sequence to the right by adding (θ 2 ) * : 3) ], induced by θ 2 . The extended sequence is exact too. The proof of this is rather simple and follows from properties of principal fibrations (see, for example, Ref. [B] , [P] ). Indeed, let p : P K → K be a path-loop fibration over a space (K, k 0 ), and consider a map θ : B → K and the fibration p : E θ → B induced fromp by θ. Let M be a pointed topological space. Any map f : M → E θ gives rise to a pair of maps: 1) 
Hence, the map θ • f 1 = θ * f 1 is homotopically trivial. Since f 1 = p * f , we conclude that im p * ⊂ ker θ * . The inverse inclusion is also easy to prove. Consider a map f 1 : M → B such that θ * f 1 = θ • f 1 is homotopically trivial. This means that there is a homotopy h : M × I → K with h(x, 0) = k 0 and h(x, 1) = (θ * f 1 )(x) for all x ∈ M. It defines a path
and allows to introduce a function f 2 : M → P K by the formula f 2 (x) = w x . Next we define a map f :
Relation (20) gives thatp (f 2 (x)) = w x (1) = θ (f 1 (x)), and this guarantees that the image f (x) ∈ E θ . Since p * f = f 1 , we conclude that ker θ * ⊂ im p * . This proves that ker θ * = im p * . Thus, for the principal fibration p 2 : Y 3 → Y 2 we have the following extended Puppe sequence which is exact:
Here we took into account that Y 3 = BG 2 and Y 2 ≃ K(π 1 , 1). Let us specify elements of this sequence. Firstly, isomorphism (14) gives that
Since the CW-complex M is two-dimensional, the last term in the sequence
This follows from the Universal Coefficient Theorem, see [Sp] , [Sw] . Secondly, we use the relation ΩK(π, 1) ≃ π
valid for a discrete group π. To derive it take the CW-complex X = K(π, 1) with π discrete. Consider the map f : (ΩX, * ) → π 1 (X, * ) which assigns to a loop w ∈ ΩX its homotopy class [w] ∈ π 1 (X, * ), and a map g : π 1 (X, * ) → (ΩX, * ) which determines a representative in each class [w] ∈ π 1 (X, * ). By definition f is the homotopy inverse with respect to g and vice versa, i.e., the map f is a homotopy equivalence. Therefore,
Since, according to our assumption,
Finally, we recognize the term [M; BG 2 ] in sequence (21) as the set that serves for the purpose of classification of principal G-bundles over M and that we are looking for.
Indeed, according to the Postnikov decomposition theorem there exists a 3-equivalence f 3 : BG → Y 3 = BG 2 , so that relation (11) with n = 2 is valid. We have
Taking into account the properties of the terms in sequence (21) and recalling that π n = π n (BG,b 0 ) ∼ = π n−1 (G, g 0 ), we arrive at the following result.
Theorem 4.4 Let (M, x 0 ) be a path-connected pointed CW-complex of dim M = 2. Let G be a group such that π 0 (G, g 0 ) is abelian and discrete and acts trivially on the higher homotopy groups π n (G, g 0 ) for n ≥ 1. Then for the set B G (M) of equivalence classes of principal G-bundles over M there exists the following short exact sequence of pointed sets:
The maps in this sequence can be read from the extended Puppe sequence (21). This is our result on the classification of principal G-bundles. Further characterization of B G (M) requires the knowledge of additional details about M or G.
Now we consider two particular cases and present a discussion of the result.
1. π 1 (G, g 0 ) = 0. It follows from (23) that
This case includes the class of discrete groups. If G is discrete, π 0 (G) ∼ = G and the formula above simplifies further:
2. G is path-connected. Then π 0 (G, g 0 ) = 0 and
The results in particular cases 1 and 2 above can be obtained, in fact, from the following general theorem.
Theorem 4.5 [B] Let (X, x 0 ) be a pointed CW-complex, (Y, y 0 ) an (n − 1)-connected pointed space, and H q+1 (X; π q (Y )) = 0 = H q (X; π q (Y )) for all q ≥ n. Then there exists a one-to-one correspondence
Let us apply this theorem to X = M with dim M = 2. In the case, when Y = BG isTo show this, consider the universal covering UK(G, 1) → K(G, 1) of K(G, 1). One can prove that it is in fact a universal G-bundle [Sw] , [St] , [P] . Indeed, π 1 (UK(G, 1), * ) = 0 by definition, π n (UK(G, 1), * ) = π n (K(G, 1), * ) = 0 for n ≥ 2 and the group of automorphisms Aut(UK(G, 1)) ∼ = π 1 (K(G, 1), * ) ∼ = G. Hence, K(G, 1) is the classifying space (see [St] and Theorem 2.15), i.e., we have relation (29) . With this we get
(cf. Eq. (25)). In particular, the classifying space for G = Z 2 is BZ 2 ≃ K(Z 2 , 1) = RP ∞ , as one can see from (12). Using the Milnor construction it can be shown that the total space of the universal Z 2 -bundle is EZ 2 = S ∞ [H] . If the space M is of certain type, formulas (23), (24) and (26) become more concrete. Thus, if M is a two-dimensional differentiable manifold one can use known formulas for cohomology groups. For example, if π is abelian then (see [B] ) 1) for M compact and orientable
2) for M compact and not orientable
More expressions for cohomology groups of various two-dimensional surfaces can be found in [GH] . In particular, for M = S 2 it is known that its first cohomology group H 1 (S 2 , π) = 0. Then from Theorem 4.4, Eq. (14) and Definition 3.3 it follows that
This is in accordance with Eq. (10). If the structure group G is path connected and simply connected, i.e., π 0 (G, g 0 ) = 0 = π 1 (G, g 0 ), then (23) implies that the only (up to equivalence) existing principal G-bundle ξ = (E, M, G, p) is the trivial one.
To finish our discussion of the result let us mention the classification of principal fibre bundles over two-dimensional compact orientable manifolds obtained by Witten in Ref. [Wi] . It is known that any connected Lie group G can be obtained as a quotient group G =G/Γ (see, for example, [BR] , [FH] ). HereG is the unique (up to isomorphism) connected and simply connected Lie group, called the universal covering group. Γ is a discrete subgroup of the center Z(G) ofG. Witten showed that principal G-bundles over M are classified by elements of Γ, i.e. B G (M) ∼ = Γ. This agrees with Eq. (26). Indeed, taking into account that π 1 (G, g 0 ) ∼ = π 0 (Γ) ∼ = Γ and using Eq. (30), from (26) we get
It can be shown that 1 X is unique. Here follow a few examples of categories.
E.1 Category S of all sets and all functions.
E.2 Category T of all topological spaces and all continuous maps.
E.3 Category G of groups and homomorphisms.
E.4 Category PS of pointed sets (sets with a distinguished element called a base point) and base-point-preserving functions. In this case the objects are denoted by (X, x 0 ), where X is a set and x 0 ∈ X is the base point, and any f ∈ hom(X,
E.5 Category PT of pointed topological spaces and base-point-preserving continuous maps. 
E.6 Category

E.8 Homotopy category PW
′ whose objects are path-connected pointed CW-complexes and morphisms are homotopy classes of continuous base-point-preserving maps. Let us remind that a CW-complex is a topological space built up of cells, i.e., balls of various dimensions, glued together in a certain way. For a formal definition and detailed description of such spaces we refer the reader to Refs. [Sp] , [Sw] , [Wh] . We would like to mention that two sets are equivalent in the category S if and only if there exists a bijection between them. Two topological spaces X and Y are equivalent in T if and only if they are homeomorphic, and they are equivalent in T ′ if and only if they are homotopy equivalent. Definition A.3 A functor F from a category C to a category D (we write F : C → D) is a function that assigns
such that the following axioms are fulfilled:
The notion of a cofunctor is, in a certain sense, dual to that of a functor.
, such that the following axioms are fulfilled:
Let us consider some examples.
E.9 Let us fix a pointed topological space (B, b 0 ) in PT and define the functor π B : PT → PS as follows:
(ii) for each morphism f : (X, x 0 ) → (Y, y 0 ) in PT the morphism π B (f ) is given by
The base point in the set π B (X, x 0 ) is the homotopy class [f x 0 ] of the constant map
Let f and f ′ be two continuous base-point-preserving maps (X, x 0 ) → (Y, y 0 ) that are homotopic (written as f ≃ f ′ ). It is easy to check that then π B (f ) = π B (f ′ ). Hence π B is, in fact, a functor from the category PT ′ to PS.
E.10 For a fixed pointed topological space (B, b 0 ) in PT we define the cofunctor π B : PT → PS as follows:
The base point in π B (X, x 0 ) is the homotopy class of the constant map X → b 0 ∈ B.
For the same reason as in Example E.8 π B is in fact a cofunctor from the category PT ′ to PS.
E.11 Let G be a group. The nth cohomology cofunctor H n with coefficients in G is the cofunctor from PT ′ to G defined as follows: for any space (X, x 0 ) in PT ′ H n (X) = H n (X, x 0 ; G), the nth singular cohomology group with coefficients in G.
Definition A.5 Let C and D be two categories and F 1 and F 2 be two functors from C to D. A natural transformation T from F 1 to F 2 is a function which assigns to each element X in C a morphism T (X) ∈ hom D (F 1 (X); F 2 (X)) in D such that for each f : X → Y in C the following relation holds:
(A.1)
According to this relation the diagram F 1 (X)
F 2 (X)
is commutative. The definition of the natural transformation between two cofunctors is obtained by inversion of the horizontal arrows in this diagram. Relation (A.1) then takes the form
Definition A.6 Let C and D be two categories and let F 1 , F 2 : C → D be two functors (cofunctors) . A natural transformation T from F 1 to F 2 is called a natural equivalence if T (X) is an equivalence in the category D for each object X in C.
The following example is important for us.
E.12 Consider a cofunctor H : PT ′ → PS and fix a pointed topological space (B, b 0 ) and an element u ∈ H (B) . There is a standard way to introduce a natural transformation from π The problem which arises in many applications is the following: for a given cofunctor H find a space (B, b 0 ) and an element u ∈ H(B) such that T u is a natural equivalence for the cofunctors π B and H. A solution is given by Brown's representation theorem discussed below. This theorem plays an important role for the classification of principal fibre bundles.
An important class of cofunctors defined on PW ′ is formed by those cofunctors H for which the following two axioms are fulfilled (see [Sw] ). W) Wedge axiom. Let {X α } be an arbitrary family of CW -complexes in PW ′ , and ι α : X α → ∨ α X α are the inclusions. Then for every α the morphism
is a bijection.
MV)
Mayer-Vietoris axiom. Consider a triple (X; A 1 , A 2 ), where X is a CW-complex and A 1 , A 2 are its subcomplexes such that A 1 ∪A 2 = X. Let x 1 ∈ H(A 1 ) and x 2 ∈ H(A 2 ) be arbitrary elements such that H(i 1 )(x 1 ) = H(i 2 )(x 2 ), where i 1 : A 1 ∩ A 2 → A 1 and i 2 : A 1 ∩ A 2 → A 2 are the inclusions. Then there exists an element y ∈ H(X) such that H(j 1 )(y) = x 1 and H(j 2 )(y) = x 2 , where j 1 : A 1 → X and j 2 : A 2 → X are the inclusions. To formulate Brown's representation theorem we need the notions of a universal element and of a classifying space.
Definition A.8 Let H be a cofunctor on PT
′ . An element u ∈ H(B) for some (B, b 0 ) is called n-universal (n ≥ 1) if
is an isomorphism for 1 ≤ q < n and an epimorphism for q = n. An element u ∈ H(B) is called universal if it is n-universal for all n ≥ 1. In this case the space B is called a classifying space for H.
For any cofunctor H satisfying W) and MV) there exists a classifying space (Y, y 0 ) which is a CW-complex and a universal element u ∈ H(Y ). The classifying space for such a cofunctor is unique up to homotopy equivalence. Namely, if (Y, y 0 ), (Y ′ , y ′ 0 ) ∈ PW ′ are two classifying spaces for H and u ∈ H(Y ), u ′ ∈ H(Y ′ ) are corresponding universal elements, then there exists a homotopy equivalence h : Y → Y ′ , unique up to homotopy, such that H(h)(u ′ ) = u [Sp] , [Sw] . Now we can formulate the theorem.
Theorem A.9 (Brown's representation theorem, see [Sw] ) Let H : PW ′ → PS be a cofunctor satisfying axioms W) and MV). Then there exists a classifying space (B, b 0 ) in PW ′ and a universal element u ∈ H(B) such that
is a natural equivalence.
